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LETER TO THE EDITOR 

Some properties of electromagnetic waves near the interface of 
dielectric media 

Liu Xin Ya 
Deparlment of Physics, Jiangxi University, Nanchang, Jiangxi 330047, People's Republic 
of China 

Received 24 October 1990, in final form 17 January 1991 

Abstract. The problem of reflection and refraction of electromagnetic waves on the interface 
of dielectric media is dealt with according to the generalized variational principle and 
some properties of the electromagnetic waves near the interface are deduced from the 
transformation properties of the constrained system under the transformation of coordin- 
ates. These lead to the equation of motion of the centre of energy which shows that the 
transverse shift is in existence. 

Since the transverse shift (TS) of a totally reflected light beam was predicted in the 
1950s a number of research papers on the TS phenomenon have been published [l-41, 
of which the theoretical explanations are based on Maxwell's equations or conservation 
laws of electromagnetic fields and there are different opinions on both the conditions 
of the existence of this effect and its value. We think it is necessary to carry out further 
research to look for a more reasonable approach to TS. In this letter we try to deal 
with the problem of reflection and refraction of electromagnetic waves o n  the interface 
of dielectric media according to the generalized variational principle and to deduce 
some properties of the electromagnetic waves from the transformation properties of 
the constrained system under the transformation of coordinates. 

For simplicity, let us consider a spacetime restricted quasimonochromatic packet 
of electromagnetic waves which impinges upon a interface from medium 1 and is 
partly refracted into medium 2. The independent boundary conditions of the electro- 
magnetic waves on the interface are the following equations: 

h ( E t  - E z )  = O  (1) 

m(HI - H2) = 0 (2) 

where n stands fot the normal unit vector of the interface directing to medium 1. The 
right-hand Cartesian coordinates can be set up as the following: the x3 axis is the 
direction of vector n and the xI axis and x2 axis are on the interface. The x, axis is 
in the direction of the normal of the incident plane according to the relations between 

(2) can be rewritten as the following constraint conditions (take c = 1): 
f n l A  n r A  ..amnt:nl 0-A hv :nt.nrl..rinn thn fn,mr~-nmn+:.l A-( A :Ai  en..o+:,.-o I I \  ---I 
Url" PI." p"Lb..LL" PI," V J  L..LL""""...6 L..C .V""p"LC"L.Y' r. ,", ny,, C~U'71L.Y.'" , I ,  a,," 

GI = A;,, -AI,4- A:,l + A:,4 = 0 (3) 

G2 = A;,2 - Af.4- A;2+ A:,4 0 (4) 
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w h e r e A ~ , = d A , " / J x , ( a = l , 2 , 3 , 4 ; j = l , 2 ;  u=l ,2 ,3 ,4;x ,=(x , ir ) ) .  

It is known that the Lagrangian of a free electromagnetic field may be chosen as 
Now let us consider the generalized variation of the above electromagnetic system. 

(7) S=-'Z"A" 
2 ." .". 

According to the generalized variational principle, the generalized variation can be 
turned into the natural one in terms of Lagrange multipliers and the generalized action 
can be written as 

( r  = 1,2,3,4)  (8) 

where G, are the constraint conditions, and A,(x) are the Lagrangian multipliers which 
vanish at the places where no constraint exists. In the present case A, vanish except 
on the interface. The equations of motion of the electromagnetic system are given by 
SI* = 0. In the process of operation, A" and A. are regarded as independent variables 
and three-dimensional space is divided into the subspaces U, ( j  = 1,2) by the interface. 
After using the Gauss theorem it follows that 

where the index j indicates the quantities belonging to U,. From S I * = O  and the 
independence of AY and A, we have 

in which (10) is the equation of motion of the electromagnetic field, and (11) is the 
constraint condition and (12) and (13) are the equations identifying the Lagrange 
multipliers. In order to identify A, we put (3)-(6) into (12) and (13), and obtain 

2 A --A2 - A - -A1 - 

A 3  -WiA:.3 = d i . 3  A d =  filA:.3=-PZA:,3 

2 - 1.4- A2.4 I - 1.4 - A2.4 

which are the values of A, on the interface and outside A,=O. 
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Now let us discuss the transformation properties of the above constrained elec- 
tromagnetic system under the transformation of coordinates. The changes of spacetime 
points and potential functions under infinitesimal transformation can be written as 

Sx, = x: - x* = &(,,os 

8AA"=A"'(x')-A"(x)=L,"pS 

SA"=A"'(x)-A"(x)=r),5,o, 

in which o. (s = 1,2, .  . . , I) are the parameters of Lie group of the transformation. It 
is assumed in field theory that the functional formulation of Lagrangian is invariant 
and that the actions at the same physical point are equal under the transformation, i.e. 

Z (A5)  d4x'= Z'(AP,) d4x (17) 

under differential coordinates and satisfy d4x' = (1 +a&,) d4x. Then from (17) we can 
obtain 

...La-- A4-, - -A A4, r t 0 - A  f,.. +hn ".I-- ..-I..-P -la-..--+ i- f-..- A:-m-oin-ql "--,-e 
,T,,.,LU U n "I.,, Y n ".".I" I"' L1.U I"..L* ""."..LI I . C I I . C L I L  a.. ."" . -Y. I I ." I I I I"LIY.  0yY-I  

( -aw%) SA" d4x+\  a,($ SA" +Bx* (19) 

The change of the constraint conditions under the infinitesimal transformation is 
ow, = ( o w , / a f l , p l o n , ) , .  iviuiapryrrig our uy A, enu N L K ~ L C % L I I I ~  L L ~ C  p u u u b r  A,"",, W G  

have 

C F .  -I.,. , . . * \ c . * L I  .a.... :-,..:-- c n  L.. \ ^ _ _ I :  :-- .L^ ---A __^. \ P,? ... ̂ 

Adding (20) to (19) and assuming that the motion of the electromagnetic field obeys 
Euier-iagrange equaiions and ihai the integraied region caii be arbiirai-y, we can obiaiii 

which is called the equation for the transformation properties of the electromagnetic 
system under the transformation of coordinates [SI. 

Next iet us consider two usuai transformations. 
(I) The transformation of parallel translation: ax,. = f,., &Am = 0, SA" = -A:(,. 

In this case (21) becomes 

a.T,, = H, (22) 

where 
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The T,. is the tensor of the energy-momentum density of the electromagnetic waves. 
The integration of (22) over three-dimensional space becomes 

where 

Substituting (23) and (22) into (25), we have 

Ja[ T , , d u = S ~ 3 ( ~ ~ , _ o Y " ' d x , d x , +  I x3=0 2?(2'dx,dx2 ) -A:)-A:'. (27) 

Because TG4 du = (P, iH)  is the four-momentum, equation (27) implies that the 
components P , ,  P2 and energy H are conserved respectively if the interface is infinitely 
thin (then A:)+O). 

(11) The Lorentz transformation: Sx, = E , , ~ x ~ ,  SAa =&s,D$AP, 

aA" =$E,,( D$AP + x,,AP, - x,AP,) 

where DZf = S,,S,, - S&,, are the elements of a tensor representation of a Lorentz 
group. In this case (21) becomes 

JvJ,u = H, (28) 

where 

(29) "*" JA;, 

H~,,=-J, A,- (D;;AP+x,AP,-x,.AP,). (30) 

.Ippy is the tensor of the density of the angular momentum of the electromagnetic waves. 
The integration of (28) over three-dimensional space becomes 

-_ - 'LZ D ; ; A P + X ~ T , , ~ - X + T ~ ~  

( J 3  

J4 I Jppd du = jX,-, (x,& -x,,SO3)3(') dx,  dx2 

where 

Because M, = 
total angular momentum, M3 is conserved if the interface is infinitely thin. 

du, M2 = du, and M3 = I,,,  do are the components of the 
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Let us further consider equation (31) to find the centre of energy of the reflected 
and refracted waves. We take p = i ( i  = 1,2,3),  p = 4 and put the expressions of Jju 
and D;! into (31), and then we can obtain 

Let X, = (l/iH) J xjT, du he the coordinates of the centre of energy; from (33) and 
(27) the equations of motion of the centre of energy are found as follows 

H--(AY’+A!?)X, dX- 
dr 

= Pj -(A{’”A!2’)~b+ (A:wA4-AAfwAi) do- Aji’-A{i’ (34) I 
which show that the centre of energy will shift along the xI axis provided that AY’ or 
A{$ is in existence. 
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